
microroughness  of i - th  mating surface;  q, contact  p r e s s u r e  on mating su r face  due to s imul taneous  action of 
external  c o m p r e s s i o n  and gas  p r e s s u r e ;  q0, contact  p r e s s u r e  due to external  compress ion ;  r fac tor  dependent 
on construct ion c h a r a c t e r i s t i c s  of joint and Po i sson  coefficient; Pin, excess  gas p r e s s u r e  in in ternal  joint  
cavity; E~, modulus of e las t ic i ty  of gaske t  mate r ia l ;  A, specif ied compres s ion  of gaske t  in the joint; Rs,  
l a r g e r  radius  of groove in which gaske t  is installed; R1 and R2, outer and inner  radi i  of gaske t  before  ins ta l -  
lation in joint; L, width of gasket;  Sin, mean dis tance between adjacent  mic ro roughness  peaks of mat ing s u r -  
faces;  n, coefficient  dependent on ra t io  L / S m  (tabulated in [9]); x, coordinate  m e a s u r e d  f r o m  inner  face of g a s -  
ket  along microgap  axis; p, cu r r en t  gas p r e s s u r e  in microgap;  x , ,  mic rogap  sect ion in which gas  p r e s s u r e  p 
reaches  its mean value Pro. 
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FLOW AND HEAT- AND MASS-TRANSFER IN A 

THIN FILM ON A FLUTED SURFACE 

Yu. A. Buevich and S. V. Kudymov UDC 532.62:532.592 

A study is made of s teady flows and hea t -  or  m a s s - t r a n s f e r  in a thin liquid f i lm flowing over  a 
sloping fluted su r face  in a d i rec t ion perpendicu la r  to i ts  genera t r ix .  

Most theore t ica l  studies of hydrodynamics  and t r a n s f e r  p r o c e s s e s  in thin liquid f i lms inves t igate  f i lms  
on f iat  subs t r a t e s  (see the survey  in [ 1, 2], for  example . ) .  In p rac t ice ,  var ious  types of fluted su r faces  and 
su r faces  with ragging, threads ,  o r  another  type of a r t i f ic ia l  roughness  a r e  often used to intensify hea t -  and 
m a s s - t r a n s f e r .  Examples  of theoret ica l  ana lys is  of f i lms  on such su r faces  may  be found in [3-7] .  

Works on this subject ,  including [3-7[ ,  usual ly contain a significant  number  of inaccurac ies  and invalid 
assumpt ions .  The main purpose  of the p re sen t  work is t he re fo re  to explain, in a detai led and r igorous  manner ,  
a s m a l l - p a r a m e t e r  method which can be successfu l ly  used to solve p rob l ems  of this type. This  is  done using 
the example  of s teady two-dimensional  flow of a f i lm ove r  a fluted subs t r a t e  with a hor izontal  genera t r ix .  

F o r m u l a t i o n  o f  t h e  P r o b l e m  

Let the middle plane of the fluted su r face  fo rm an angle ~ with the ver t ica l .  We will introduce Car te s i an  
coordinate  axes  } and ~/, oriented,  respec t ive ly ,  in the d i rec t ion  of the pro jec t ion  g onto tMs plane coincident 
with the d i rec t ion of motion, and normal  to the plane. We will desc r ibe  the su r face  using the per iodic  function 

A. M. Gor 'k i i  Ural  Polytechnic Insti tute.  Trans la ted  f r o m  Inzhenerno-  Fizicheskii  Zhurnal,  Vol.42,  No.4,  
pp. 564-573, Apr i l ,  1982. Original  a r t i c l e  submit ted Apri l  6, 1981. 
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Fig .  1 Fig .  2 

F ig .  1. Sketch and s t a t e m e n t  of p r o b l e m .  The f o r m  of 
the so l id  s u r f a c e  is  def ined by  the funct ion  T0(~) = 
0.5 Xsin ( ~ / h ) .  The f i lm  p r o f i l e  is  a c c u r a t e  to wi th in  
e 1 and e ~ (the so l id  and dashed  c u r v e s ,  r e s p e c t i v e l y ) ,  

= 0  and W e = 3 .  

Fig.  2. Re la t ive  i n c r e a s e  in  m e a n  f i l m  th i ckness  with 
a p p e a r a n c e  of waves  on the so l id  s u r f a c e ,  F (x) = 
s i n  x, e = 0.5. 

= ~?0 (~) with a ze ro  mean .  The f r ee  s u r f a c e  of the f i lm c o r r e s p o n d s  to 0 = ~ 1 (~) = ~ 0 ( ~ ) + A ( ~ ) (Fig.  1). 
We sha l l  a s s u m e  that  the r a t io  of the ampl i t ude  of the funct ion  rl 0 (~) to i ts  p e r i o d  i s  of the s a m e  o r d e r  as the 
s m a l l  quant i ty  e. 

The componen t s  of ve loc i ty  v and p r e s s u r e  p sa t i s fy  the s y s t e m  of N a v i e r - S t o k e s  equat ions .  On a sol id  
s u b s t r a t e  

v~ = V n = 0, n = no (~). (3 )  

On the f r ee  s u r f a c e  we have the u sua l  k i n e m a t i c  condi t ions  ( equ iva len t  to the cond i t ion  of van i sh ing  of the n o r -  
real  componen t  of ve loc i ty)  

The condi t ions  of van i sh ing  of the t angen t i a l  componen t  and equa l i ty  of the n o r m a l  componen t  of the s t r e s s  v e c -  
to r  to the s u r f a c e  p r e s s u r e  p = vn  on the f r ee  s u r f a c e  a r e  w r i t t e n  i n  the f o r m:  

(xnn - -  T~) sin ~ cos ~ -t- ~ (cos a ~ - -  sin2~) = 0, T~ sin 2 ~ + Tnn cos ~ ~ - -  2 T?n sin ~ cos 

d~ 2 \ - - ~ ]  , I~ = arctg d~hd~ (3) 

We in t roduce  the d i m e n s i o n l e s s  v a r i a b l e s :  

n X : - - ,  y - -  
~, hZ, h ' ~, ' 

V x . -  v~'n {P, T } =  h Re , x}, H(x)~-  A(~) 
�9 u ' pu--- ~ / P ,  h--~ 

(4) 

where  hk  is  the c h a r a c t e r i s t i c  d i m e n s i o n a l  t h i c kne s s  of the f i lm;  u is  i t s  c h a r a c t e r i s t i c  ve loc i ty .  The equa-  
t ions  for  V and P a r e  w r i t t e n  in  the f o r m  

h~ReLVx= e dF dP h OP zr A,Vx-[- hZRe 
- -  - -  - -  C O S  ~ ,  

dx Og Ox Fr 

OP h 2 Re 
h 2 Re LVy ~- A , V y -  - -  sin t~, 

Og Fr 

(5) 
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( dP ) O V y - - e  V.~ = - - h  OV= 
Og dx Ox 

while the boundary conditions are  written in the form 
H 

dH I ~ OV~ d y=o; dx y' y=H; 
a) 
0 

(Tuy - -  T~,c)E + T x u ( l - - E  2) = O, y = H; 

h Re We dE/dx T~xE z + Tuy - -  2T:cuE -- , y = H. 
Fr (1 + EZ) 1/2 

Here, we introduced the functional notation 

(6) 

the opera tors  

- - - - e - - ,  , T y u = - - P + 2  OVu 
Ox Ox Oy " Oy 

Txy OVx + h OVu dF dVu , dF dH 
-- - - - - e  . . . .  E = e - - - [ - h - -  

Oy Ox dx Oy  dx dx 

h , - -  eh 2 -~ - - -  + e  z - - + h  2 -  
Oy 2 dx OxOy dx 2 Oy \ ~x-x ) Og a Ox 2 

Y L:v @ ( l  o --tJ-O-s dy) ay 
0 

and the dimensionless  Reynolds, Froude, and Weber c r i t e r i a  

~u u ~ 

(7) 

(s) 

Re=  , F r = - - ,  W e = . - -  (9) 
v kg ~2pg 

The well-known film approximation in [8] corresponds  to h << 1, Vy - Vxmax{e, h}, which we assume to 
be satisfied. We also assume that h2Re = h R e ,  ~ 1, where H e .  is the Reynolds number  usually introduced for  
a film, and that We < 1. However, F r  << 1 is possible in the general  case, so that h 2 R e / F r  ~ 1, eh Re W e / F r  ~ 
e/h. 

Use of per turbat ion theory in regard  to the pa ramete r s  e, h, and h 2 Re leads, as is easily shown, to a 
sys tem of regular ,  co r r ec t ly  stated boundary-value problems.  For  our purposes,  it suffices to take 

n = 0  n = l  n = 0  n = i  

and l imit  our  investigation to the t e rms  of this se r ies  with n = 0, 1, 2. The select ion of unity as the zero ap- 
proximation of H fixes the value of the dimensionless pa r ame te r  h, which is undetermined. 

F i l m  F l o w  

Leaving only the z e r o - o r d e r  t e rms  in 

Its solution has the form 

e, h, and h2Re in (5)-(8), we a r r ive  at the problem 

02V(~ ~ h 2 Re OPo h 2 Re 
Oy - ~ - -  Fr cosa, ~ = - -  F-~-sine' 

g~ ~  g = 0 ,  

1 

j " OV(x~ dy = O, 

0 

oV~ ~ 
Og 

eh,Re We d2F 
= 0 ,  Po Fr dx ~ ' g =  1. 

Fr cos~z I - -  g, 

(11) 

(12) 
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h zRe  8hReWe d2F 
Pc = -  s i n s  ( 1 - - y )  (12) 

Fr  Fr  dx z 

C a l c u l a t i n g  the  t o t a l  vo lume  flow r a t e  of  the  l i qu id  in the  f i l m  q f r o m  (12) and d e t e r m i n i n g  u = q / h A ,  we 

ob ta in  

h 1 ( c o - ~  vq ) ' /8  ( c ~  g )  '/8 = - -  - -  , t,t = _ q2/3, 
k g 3 v 

so tha t ,  in  p a r t i c u l a r ,  we have  the  fo l lowing  fo r  the  d i m e n s i o n l e s s  p a r a m e t e r s  

Re = (co_3~)~/8 kgl/Sq2/3 ( _ ~ ) 2 / 3  q4/3 
v4/3 , Fr  = ~,g~/8 ~/8 , 

h 2 Re 3 8h Re We 3 8 
- -  ~ - -  - -  W e .  

Fr cos a Fr  cos a h 

Using  t h e s e  r e l a t i o n s ,  we r e w r i t e  (12) in the  f o r m  

(8) 

(13) 

(14) 

3 8 We - -  dzF (15) 
cos ~ h dx z 

In the  nex t  a p p r o x i m a t i o n  of e, we ob ta in  the  fo l lowing  p r o b l e m  (use  r e l a t i o n s  (14) and (15)) f r o m  (5) - 

OzV~ 0 dF OPo h aPo OW~ '} aPt 
Oy - - - ~ =  dx Oy + e ax " Off = Oy 

a v ~  1) _ d F  dV~ O) V~ 1 , =  V~ 1) = 0 ,  ~ = 0 ,  

Oy dx dg ' 

t 

--__ f OVx dy, ---- H i , y =  1, v~O) dH, ;'(~) 8V(J) d2VJ o) 
dx ,2 ~ @ dY 2 

0 

OV(y I} OPo 3 We dZHi 
P i - - 2  ag - Og Hi y = 1. 

COS ~ d x  2 ' 

The so lu t i on  of p r o b l e m  (16) has  the  f o r m  

a~v~ ~ ) 
Oy z 

P l = 3 H i t g ( z  3 w e  dZHi q- 3 dF 
cos~ dxZ T 

1 ( dF We d3F 
H t = - ~ -  t g ~  dx cosa dx 3 

We have  the  fo l lowing  p r o b l e m  fo r  the c o e f f i c i e n t s  in (10) with n 
Y 

(1 - -  y), 

)- 
= 2: 

O2V(y 2) _ OP (2} 
Oy z 

OY -~- ,~V(xO ) aV(yIA 0V(y 2) d F  OV(x ~) 
Ox ' Oy-- = dx 'Oy 

V(~ 2) = V(y 2) = O, g = O; y = hZRe/e, 

I 

v~O} dH2 a t" OV~2} 
dx ax (V(J)III)-- 1, _ _ _  _ _  ~ T d g ,  y =  

0 

a v?' h oG" 
O~ -- d y  ~ II~ -- - - .  Hi " Og z e Ox ' 

Y, 

dF )2d2V~(~ 
dx j @2 + 

h OV~ 1 ) 

S a x  ' 

P 2 - - 2  OVa2) OPo OPi OzV (1) __2OV(x I) dF 
oy - T o - 7  H'+2 o - j  - M '  

dZH~ ] 
dy z dx Hi + ~ L 2 h dx z \ ~ ]  dx z " 

h d~F dV(x ~ 
e dx z dy  

(16) 

(17) 

(18) 
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The solution of this problem is represented  in the form 

2 9 y + 9 H ~ ( I - - Y ) Y +  _h dg_F_F _ y  yz__ 
8 dx 2 

dH i [ 12 27 3 ~ 9 5 3 / 

- v  + T v  
v , 

8 dx , 

h [1+(2 3 ) ]  
T e-T 2 y y - 

+ I - - 3 ' 7 ~ L - - T  + 1 - - - - y - I -  y 2 3We 3 e d2F [ dF ~2 
4 " ~  y3 _ _  _ _ _ _  cos Gr 2 h dx ~ ~ dx ] 

2 / dF \2 i h ( 3  dZF dill We d3H,) 6 
M =2z +T/T)+TT 2 cos cz dx a " - ~  

dZH"-dx z ] + 3H 2 tg a, 

dHl 
dx 

(19) 

The following te rms  of expansions (10) a re  easi ly constructed in s imi lar  fashion. The case of completely 
ignoring inert ial  effects cor responds  to T = 0; the situations h /e  << 1 and h/e  >> 1 cor respond to a film of a 
thickness much less  than the amplitude of the sur face  roughness,  ff X is the period of the function F ix), then 
the mean thickness of the film may be determined as:  

X 

( H )  = s  dx = 1 +  e2 [ 1 ( We ~ 2] (20, 
X - ~  1 + ~ t g ~ z +  cosa/  J '  

0 

with the la t ter  equality pertaining to films on subst ra tes  with sinusoidal i r regular i t i es  (Fix) = sin x).  It should 
be noted that ( H )  is independent of Y and h /e  for  such films. 

Figure 1 shows a film profi le  on a ver t ical  subst ra te  with sinusoidal i r regular i t ies .  The profi le  is accu-  
ra te  to within e. Figure  2 shows the dependence of ( H ) on a and We for  f i lms on such a substrate.  

H e a t -  a n d  M a s s - T r a n s f e r  i n  t h e  F i l m  

The equation of convective diffusion or  heat conduction in the variables  (4) is written in the form 

h2Pe Lc = h,c, Pe = ~,u/D, i21) 

where the opera tors  L and A,  are  defined in i8). Here, we a re  examining only limiting cases  of small  and 
la rge  Pecle t  numbers .  The f i r s t  case  is typical of heat t r ans fe r  through a film accompanied, for  example, by 
condensation or  vaporizat ion on its f ree  surface.  The second case  is typical of mass  t ransfer  accompanying 
dissolution of the substrate,  absorpt ion of a gas fi lm f rom the environment,  vaporizat ion of a dissolved impur -  
ity diffusing toward the free surface,  etc. The boundary conditions imposed in solving (21) turn out to be differ-  
ent in these two cases.  

Trans fe r  When h 2 Pe << e. Here, (21) can be solved using the previous method, represent ing c in the form 
of a ser ies  of type (10). We choose boundary conditions in the fo rm 

c = 0, g----- 0; c = c, = const, g = H(x). (22) 

Proceeding as before,  we obtain a solution to the problem (21), (22), accura te  to within the t e rms  of the 
o rder  e 2, in the form 

c eh d~F 
c ,  = [ 1 - -  8H, + 82 (H~ - -  H2)] Y - -  T d ~  ~-  (1 - -  y) y. i 23 ) 

With the same accuracy,  the local  flow to the substrate  (calculated per  unit a rea  of its middle plane ~ = 
0) has the form:  

D [ ( dF )2] 1/2 Dc, [I__8Hi+e~(H~__H~ ) 8h #F  ] (24) 
i = ~  1+~ ~ (nV%=0 - h~ ,  2 d x  2 " 

We are  interested in the rat io of the value of (24) averaged over  x (or ~) to the value j = j~ at e = O. We 
obtain 
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Fig .  3. Reduc t i on  in  e f f e c t i v e  flow of  hea t  o r  m as s t h r o u g h  a f i l m  at 
s m a l l  P e c l e t  n u m b e r s ,  c a u s e d  by w a v i n e s s  of the  s o l i d  s u r f a c e ,  
F ( x )  = s in  x,  e = 0.5. 

F ig .  4. E f f ec t  of waves  on the  s o l i d  s u r f a c e  on e f f e c t i v e  r e l a t i v e  
f lows to th i s  s u r f a c e  ( so l id  c u r v e s )  and to the  f r e e  s u r f a c e  of the  
f i l m  (dashed  c u r v e s ) ,  F i x )  = s in  x,  e = 0.5, h 2 p e  >> 1. 

X 

. -  i. = , _  6 +  tg=+  r176 
0 

( the l a t t e r  e q u a l i t y  p e r t a i n s  to the  c a s e  F (x) = s in  x ) .  A s  should  be  e x p e c t e d ,  the  w a v i n e s s  of  the  s u b s t r a t e ,  
c a u s i n g  an i n c r e a s e  in  the  m e a n  t h i c k n e s s  of  the  f lowing f i l m  (at  a f ixed  l i q m d  flow r a t e )  l e a d s  to a d e c r e a s e  in  
the  e f f ec t ive  c o n d u c t i v i t y  of  the  f i l m .  The d e p e n d e n c e o f  x on a and We i s  shown in F i g .  3; the  m a x i m u m  i s  a t -  
t a i ned  at  a = -  a r c s i n  We o r  ~ = - a r c s i n  ( 1 / W e ) .  The  r e s u l t s  o b t a i n e d  above  a r e  e a s i l y  g e n e r a l i z e d  to the  c a s e  
h 2 p e  N e. 

T r a n s f e r  to the  S u b s t r a t e  When h 2 P e  >> 1. Th i s  c a s e  i s  a l s o  qu i t e  p o s s i b l e  when h2Re <~ e,  s i n c e  the  
S c h m i d t  n u m b e r  - and  s o m e t i m e s  the  P r a n d t l  n u m b e r  - fo r  l i qu ids  m a y  b e  v e r y  l a r g e .  Us ing  the  m e t h o d  of th in  
d i f fus ion  b o u n d a r y  l a y e r ,  we a s s i g n  b o u n d a r y  cond i t i ons  in  the  f o r m  

c = c ,  = cons t, x = O ;  c =  O, y =  O; c ~ c , ,  y - - ,oo  

and t ake  the  fo l lowing  wi th in  the  l a y e r  ( see  (15) ,  (17) ,  and (19)) 

V~ : 3Gy ,  G = 1 - -  { e H ~  + e z 13H~ - -  2H2 - -  - -  

I n t r o d u c i n g  the  v a r i a b l e s  

(26) 

4 dill  \ 
/ .  (27) 

3 5  dx I 

= ~ Gy 2, t - -  h z pe l + e z ~ 6-Gdx 

0 

and,  fo r  s i m p l i c i t y ,  l i m i t i n g  o u r s e l v e s  to the  c a s e  h << 1, we ob t a in  the  fo l lowing  p r o b l e m  f r o m  (21) and (26) 

; c c.,  t = O ;  c = O ,  q~=O; c - + c . ,  ~ - - . oo ,  
o, 

(28) 

OC 

Ot 

c, - - -9 -  za dz, z =  tl/----Y- 
0 

(29) 

the  so lu t i on  of which has  the  f o r m  [8] 

C a l c u l a t i n g  the  l o c a l  f low p e r  un i t  a r e a  of  the  m i d d l e  p l a n e  of  the  s u b s t r a t e  on the  b a s i s  of  (30) y i e l d s  

Dc,  11/-- G- 1 + e z I f  0 dx . 
hL 

0 

(3o) 

O. 87" 6~/3 (hZ pe)l/3 
J 2 

(31) 
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At x >> 1, we have the following for the mean flow to a subs t ra te  with sinusoidal i r regula r i t i es  

)] <1]> - - 1 - -  2-7 - - +  tg~+cosWeo~ ~ ' 

]o=0.79(hZf fe)  'In De.h~, 
(32) 

Equation (32) is graphed in Fig. 4; the curves  have maximnm8 at the same  values of a as do the c o r r e -  
sponding relat ions (25). Surface waviness in this case  leads to a reduct ion in the effective flow, due to the fact 
that an increase  in mean film thickness is accompanied by a slowing of the ra te  of velocity increase  near  the 
substrate  with increasing distance f rom the lat ter .  

T rans fe r  to the F ree  Surface When h 2 Pe >> L In this case ,  i t  is  expedient to introduce y '  = hH (x) - y 
and t r ans fo rm Eq. (21) to new coordinates x and y ' ,  keeping the boundary conditions in these coordinates in 
the form (26). Here, general ly  speaking, the opera tors  L and A ,  in (21) change thei r  sign. To simplify ma t -  
ters ,  we will examine only the case h << 1; in ignoring t e r m s  of the o rde r  h, we ensure  that these opera tors  - 
thus Eq. (21) i t s e l f -  remain  the same as before. 

The following, accura te  to within the te rms  of o rde r  s 2  is obtained f rom the above relat ions inside a thin 
diffusion layer  with h << 1 close to the free surface 

Introducing the variables  

3 [ V~=-- f  M, M =  l + e  z H~-t---  u dill ]--. (33) 
28 dx J 

q; = 2 My', t - -  - -  l+e?" Mdx, 
2h~Pe \ - ~ x  I J 

fl 

we a r r ive  at the resul t  for  the problem 

Oc 02c 
- - = - - ;  c = c . ,  / = 0 ;  c = O ,  , = 0 ;  c-+c., ,--~-oo, (35) 

at o ,  2 

the solution of which has the form 

i r (36) c -- 1.13 exp(--zZ)dz, z =  2 ~  
C,  

o 

Following f rom this is the below express ion for the flow to the f ree  sur face  of the film, calculated per  
unit a rea  of the middle plane of the substra te :  

] =  1 . 1 3 ~  h--~ M lq-e" Mdx . (37) 
k d,, J J 

0 

For  the average  flow for a film on a subst ra te  with sinusoidal i r r egu la r i t i e s ,  we obtain 

"[ ( )] •  1 + - / ~  -- - - 9 +  t g e +  W e  -~ , 
cos a (38) 

] o =  0.69 (hT____ee)'/2 Dc,I~ 

Equation (38) is also graphed in Fig. 4. At smal l  We, subs t ra te  waviness i nc reases  effective flow to the 
free surface of the film. The same is decreased  at la rge  We. The value of x f rom (38) i s  minimal at the same 
values of angle of inclination ~ at which ~ from (25) and (32) is maximal .  

It should be emphasized in conclusion that our findings regarding  the effect of subst ra te  waviness on 
t ransfer  p rocesses  pertain only to laminar  - not wavy - flow of a f ree  thin f i lm in a direct ion normal  to the 
genera t r ix  of the subst ra te  (i.e., " a c r o s s  the wav iness" ) .  If waves appear,  in the p resence  of hydrodynamic 
interaction with an external flow, or  with a change in the direct ion of  motion, the findings may al tered quali ta-  
tively as well as quantitatively. The new problems ar is ing in this instanee can, in principle,  be examined by 
the method of regular  s m a l l - p a r a m e t e r  per turbat ions developed above. 
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c, concentra t ion or  t empera tu re ;  D, diffusion coeff ic ient  or  diffusivity; E, p a r a m e t e r  in (7); F, per iodic  
function cha rac te r i z ing  the f o r m  of the sol id  sur face ;  G, function introduced in (27); g, acce le ra t ion  due to 
gravi ty;  H, h, d imens ion less  th icknesses  of f i lm; j ,  local  flow; L, ope ra to r  in (8) ; M, function introduced in 
(33); P, p, d imens ion less  and d imens ional  p r e s s u r e ;  q, vo lume flow r a t e  of liquid in film; T, d imens ionless  
s t r e s s  tensor;  t, va r i ab le  in (28) o r  (34); u, m e a n  ve loc i ty  of liquid; V, v, d imens ionless  and dimensional  
veloci ty  of liquid; X, per iod of F (x); x, y, y ' ,  d imens ion less  coordinates;  z, va r i ab le  in (30) or  (36); a, angle 
between solid su r face  and ver t ica l ;  fl = a r c  t g ( d y l / d } ) ;  y = h2Re/e;  A, f i lm thickness;  A,, ope ra to r  in (8); e, 
d imens ionless  ampli tude of waves  on the sol id sur face ;  ~t, r a t i oo f f l ows  in f i lm on wavy sur face  to flows in 
f i lm on f lat  surface;  }, ,}, coordinates ;  ~t, l i nea r  s ca l e  of waves on the solid surface;  v, k inemat ic  viscosi ty;  
a ,  su r face  tension; p, densi ty  of liquid; T, s t r e s s  tensor ;  ~b, s t r e a m  function; Re, Pe,  F r ,  and We, Reynolds,  
Pecle t ,  Froude,  and Weber  number s ,  r e spec t ive ly ;  the angled b racke t s  denote averages .  
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